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Abstract 

General relativity promotes space-time to a physical, dynamical object subject 
to equations of motion. Quantum gravity, accordingly, must provide a quantum 
framework for space-time, applicable on the smallest distance scales. Just like generic 
states in quantum mechanics, quantum space-time structures may be highly counter- 
intuitive. But if low-energy effects can be extracted, they shed considerable light on 
Qi the implications to be expected for a dynamical quantum space-time. Loop quantum 

^ ' gravity has provided several such effects, but even in the symmetry-reduced setting 

of loop quantum cosmology no complete picture of effective space-time geometries 
describing especially the regime near the big bang has been obtained. The overall 
situation regarding space-time structures and cosmology is reviewed here, with an 
qq ■ emphasis on the role of dynamical states, effective equations, and general covariance. 

\D ■ 

1 Introduction 

(N ; 

In modern cosmology, according to the common scenarios, one is using the universe and 
its own expansion as a microscope aimed at the smallest distance scales of space and 
■ time. In order to understand the resulting phenomena to be expected, the nature of the 
correct microscopic degrees of freedom, out of which space-time and its dynamics is to 
emerge, must be understood. There are no direct observations to guide us, and so we are 
required to make use of further input, of principles that are strong enough to support a 
large theoretical edifice. 

A well-known example for the theoretical derivation of new microscopic degrees of 
freedom from an underlying principle is the electroweak theory. One of its motivations 
was a well-defined description of /3-decay, a reaction of four particles (seen at least via the 
energy carried away in the case of the neutrino). As a pointlike interaction between the 
four particles involved, the perturbative quantum field theoretical description does not lead 
to well-defined decay rates. A new principle, renormalizability, is used to look for a more 
suitable theoretical framework. Its implementation requires the inclusion of new quantum 
degrees of freedom, the exchange bosons of the electroweak theory. Based on the principle 
of renormalizability, they were predicted theoretically well before direct observations by 
particle accelerators became possible. 
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In quantum gravity, we are currently in a situation similar to that before the direct de- 
tection of the exchange bosons. We do not have direct evidence for the microscopic degrees 
of freedom of quantum gravity, but we do know several problems of the classical theory, 
chiefly the singularity problem of general relativity. Again, extra input for a theoretical 
description is needed in the form of principles. One may decide to use those already tried 
and true, such as renormalizability in this case leading to string theory (as per current un- 
derstanding). In this way, a quantization of gravitational (and other, unified) excitations 
on space-time becomes possible. There are, however, difficulties in the description of strong 
gravitational fields, as we find them at the big bang or in black holes. The interaction of 
matter with the space-time structure is relevant in those regimes, and so we must consider 
the quantum nature of full space-time. While this is not impossible in string theory, the 
theory's setup makes the analysis of such questions rather indirect. 

An alternative principle offers itself, based on what we know about regimes of strong 
gravitational fields: the principle of background independence. It states the requirement of 
quantizing the full metric g^ u known as the representative of space-time geometry as it must 
emerge at large distances or low energies; it is not enough to just quantize perturbations 
h^y on a given (e.g. Minkowskian) background where g^ v = 77^ + h^ u . If only h^ v is 
quantized and 77^ kept as a classical metric background, the theory does not describe the 
complete space-time geometry in a quantized way. There will be physical quantum degrees 
of freedom for h^ u , but a classical, rigid background 77^ remains in the theory. It may 
be possible to find observables insensitive to which 77^ is used, but this would be difficult 
to achieve and to demonstrate. Moreover, regimes of strong gravitational fields, especially 
near classical singularities, do not allow a perturvative treatment with a small h^ u : The 
metric becomes degenerate, and so at least some of the crucial components of h^ u are as 
large as those of 77^. Here, a background independent quantization of the full g^ v becomes 
most useful, a treatment realized in loop quantum gravity. 

2 Background independence 

Quantum field theory on a background Minkowski space-time may be formulated by op- 
erators a k and a k that describe the annihilation and creation of particles of momentum 
k. Using a k introduces a new particle and increases the total energy, while products of 
operators in a Hamiltonian amount to interactions. One problem to be faced in quantum 
gravity is that particles can only be created on a given space-time, whose metric is used in 
the very definition of a k and a\.. A possible solution is to define operators for space-time 
itself. Such operators would increase distances, areas and volumes; not energy. 

Loop quantum gravity [U El E] provides a specific realization of this solution, at least for 
spatial geometry. Creation operators turn out to be holonomies [I] hi — V exp(/ dtefAlrj) 
along spatial curves e/, evaluated for a connection A{ = T{ + jKi called the Ashtekar- 
Barbero connection [5j |6]. The structure group of the theory is SO (3), referred to by 
the index j and geometrically corresponding to local spatial rotations. (The matrices 
Tj = — are generators of su(2), proportional to the Pauli matrices <jj.) In the definition 
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of the connection, we use the spatial spin connection T l a and extrinsic curvature K l a , with 
the Barbero-Immirzi parameter 7 > [6JI7], whose value parameterizes a family of canon- 
ical transformations. Classically, the connection is canonically conjugate to a densitized 
vector field Ef, the densitized triad related to the spatial metric q a b by EfEj = det qq ab : 
{A l a (x), E h j(y)} = 8irjGda8jd(x,y). This field determines the (torsion-free) spin connection 

It = -e^e?(V5 + \ele l a d { J h] ) . (1) 

Only the extrinsic curvature part of A\ is independent of the triad. 

To start setting up the connection representation for a quantum formulation, we define 
a basic state |0) by (A* |0) = 1, fully independent of the connection. A basis of states is 
obtained by using holonomies as creation operators, which in the simplified U(l)-example 
(where h e = exp(i f e dte a A a )) can be written as 

\e 1 ,k 1 ;...;e I ,k I )=h k e l---h k e <\0). 

Similar, though more tedious formulas apply for the SU(2)-case of quantum gravity, whose 
states can be expanded in terms of spin networks [H] . A general state is labeled by a graph 
g with integers k e as quantum numbers on its edges e: 

*PgA A a) =Y[h e (A a ) ka = Y[exp(ik e Jdte a A a ) . 

eeg egg 

Holonomies hj create quantum-gravity states by excitations of two types, (i) one can 
use operators several times for the same curve, or (ii) use different curves. In this way, an 
irregular lattice, or spin network, arises which intuitively can be seen as the microscopic 
structure of space. For a macroscopic geometry, a dense mesh, or strong excitations of 
the quantum gravity state, are necessary; in order to model near-continuum geometries 
for which general relativity may approximately apply, one has to consider "many-particle" 
states. 

In order to extract geometrical notions from the visualization of states, operators rep- 
resenting the densitized triad must be introduced. From the densitized triad, the spatial 
metric and then usual geometrical quantities result [9j [10J HI]. As we had to integrate 
the connection along curves to obtain holonomies, the densitized triad must be integrated 
2-dimensionally in order to obtain well-defined operators: the fluxes J s d 2 yE a n a integrated 
over spatial surfaces S with the metric-independent co-normal n a (again written here for 
the U(l)-simplification). Obtained from momenta conjugate to the connection, fluxes are 
quantized to derivative operators. Their specific action shows that they measure the exci- 
tation level of a state along edges intersecting the surface: 

J s d 2 yn a E a ^ k = 87r 7 G jf dVa j^pgj = 8vr 7 4 g k e Int{S, e)^ k 

with the intersection number Int^, e) and the Planck length ip = V Gh. This is an 
eigenvalue equation with discrete eigenvalues read off as 8777^ ^2 eeg n e lnt(S, e), and so 
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spatial geometry, represented by the fluxes, is discrete in this framework. The graphs 
obtained from elementary excitations represent the atomic nature of space, and geometry 
results from intersections. 

In order to see how discrete spatial structures of this kind evolve, dynamics must be 
introduced. For gravity, this is determined by the Hamiltonian constraint, the phase space 
functional 

C -M = ^ I (^ijf^ - 20 + 7 ->M - V M ai - rS-gL) 

in Ashtekar variables. In addition to the fields already introduced, we use the curvature 
F^ b of A l a and the lapse function N. As a constraint, C grajV [N] must vanish for all choices 
ofiV. 

There are several apparent obstacles in turning this expression into an operator, using 
the basic holonomies and fluxes. First, an inverse determinant of the densitized triad is 
required but seems problematic at the operator level, where fluxes, with discrete spectra 
containing zero, lack densely-defined inverse operators. Nevertheless, as shown by [12], the 
quantity needed can be obtained from a relation such as 

( r ^ E b E c 

J v^del^d 3 x j = 27r 7 Ge^e abc -^=U= (2) 

whose left-hand side is free of inverses. The volume operator, made from fluxes, can be 
used for J a/| det E\d 3 x, A l a can be expressed in terms of holonomies, and the Poisson 
bracket is finally turned into a commutator divided by ih. 

Similarly, the curvature components F* b of the Ashtekar connection can be expressed 
in terms of holonomies using identities such as s^s^F^Ti = A _1 (/i A — 1) + 0(A), where A 
is a square loop of small coordinate area A, with tangent vectors s a j at one of its corners. 
Finally, extrinsic curvature components K l a = / -f~~ 1 (A l a — T % a ), the most complex expressions 
in the Hamiltonian constraint owing to the spin connection jT| as a functional of the 
densitized triad, can be obtained from what has already been constructed: 

AlA J d 3 xF^ b J v^det^d 3 * 

In this way, a well-defined class of Hamiltonian constraint operators arises, param- 
eterized by certain ambiguities as they arise in the choices to be made. Examples for 
ambiguities are the exact rewriting of the inverse determinant, or routings and represen- 
tations for the holonomies used. In spite of ambiguities, several characteristic properties 
can be extracted and evaluated phenomenologically. In particular, there are three main 
sources of quantum corrections: 

• Inverse volume corrections arise from quantizing the inverse triad determinant in an 
indirect manner. Comparing eigenvalues of the resulting operators quantizing the left 
hand side of ([2]) with the expressions expected from simply inserting flux eigenvalues 
into the right hand side of shows strong deviations for small flux scales; see Fig. [1] 
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Figure 1: Inverse triad correction function, depending on an ambiguity parameter r. All 
curves approach the classical expectation one from above for large flux values fi. (See 
[131 EH] f° r explicit derivations of correction functions.) 

• Higher order corrections result from the use of holonomies, contributing higher powers 
of the connection components. 

• As in any interacting quantum field theory, quantum back-reaction results from the 
influence of quantum variables such as fluctuations, correlations or higher moments of 
a state on the expectation values. These variables provide extra degrees of freedom, 
which can sometimes be interpreted in the sense of higher derivative terms. 

A simplified form of the Hamiltonian, as it arises from the general constructions of 
[1511I2], is 

^ srav[iV] = mTch S N W £ °iwsJ JK tofajK*vh£jjKlKAK*M) ( 3 ) 

71 ~ v,IJK <J 7 G{±1} 

of interacting form: excitations of geometry take place dynamically by the factors of holon- 
omy operators included in the expression. All this depends on the spatial geometry through 
the volume operator V. The discreteness contained in the resulting dynamics is significant 
at high densities (such as the big bang), or if many small corrections add up in a large 
universe (for dark energy, perhaps). 

3 Loop quantum cosmology 

In full generality, it is difficult to analyze the dynamics of quantum gravity, but several 
results are known in model systems (based on symmetry reduction or perturbative inho- 
mogeneities) . One can easily imagine simplifications from the considerable reduction of 
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Figure 2: Level splitting of volume eigenvalues as a symmetry parameter s is tuned from 
zero (homogeneity) to one (spherical symmetry); see [18] for details. 

the number of degrees of freedom, but also from another effect: level-splitting, well-known 
from energy spectra of atoms and molecules. Also in quantum geometry, levels split when 
symmetries are relaxed, making spectra of symmetric situations much simpler than non- 
symmetric ones. In particular, the volume spectrum, which despite significant numerical 
progress [161 ELY] is rather difficult to compute in the full case, splits when symmetry is 
relaxed from homogeneity to spherical symmetry as shown in Fig. [2J The most highly 
symmetric systems should then the easiest to analyze, also concerning the dynamics. This 
is the realm of quantum cosmology. 

Loop quantum cosmology [19] provides a quantization of symmetry reduced models 
by the techniques of loop quantum gravity. Many of its ingredients, in particular its 
states and basic operators, can be induced from the full holonomy-flux algebra [2"Ul |2~T| I2"2l 
|2"51 [21] or by other means [221 [22]; in this sense loop quantum cosmology is a sector of 
(kinematical) loop quantum gravity. Just the dynamics, which is problematic and not yet 
in a settled stage even in the full theory, is too complicated to be reduced directly from a 
full Hamiltonian constraint such as In formulating the dynamics, based on the basic 
operators, additional assumptions and extra input are sometimes required and cannot yet 
be derived from the full theory. This may introduce an amount of ambiguity larger than 



that already realized in the full theory. 

Hamiltonian isotropic cosmology in Ashtekar variables (here written only for spatially 
flat models), has the basic phase space variables A l a = c5 l a with c = 70, Ef = p5f with 
|p| = a 2 . (For a triad with the option of two different orientations, p can take both signs; 
see [27] for details of the classical reduction.) The coefficients c of an isotropic connection 
and p of an isotropic triad are canonically conjugate: {c, p} = 87T7G/3. Inserting these 
reductions into the full Hamiltonian constaint provides 

^ •— o 1 - — -"matter — U 

Y 3 

as the isotropic constraint equation, equivalent to the Friedmann equation. (For homoge- 
neous cosmology, the lapse function iV must be spatially constant, thus providing a single 
constraint function.) The gauge-flow in time, p — {p, C} and c = {c, C}, generated by the 
constraint amounts to the Raychaudhuri equation. 

In loop quantum cosmology, just as in Wheeler-DeWitt quantum cosmology [281 129] . 
the constraint is quantized to an operator annihilating physical states: C\ip) = 0. In 
contrast to the Wheeler-DeWitt representation, however, the use of exp(i5c) for c — matrix 
elements of holonomies as required for a background-independent representation — makes 
us regularize the constraint before it can be quantized. For instance, with an ambiguity 
parameter 5 (which can and often should be allowed to be a phase-space function; see 
Sec. [5]) we may write 

sin 2 (5c)v4p| 8nG 



H 7T~ -^matter = (4) 

7 Z Z 3 

as an expression that agrees very well with the classical one for small curvature (5c <C 1) 
and at the same time is quantizable in terms of holonomies. Effects of such a modification 
easily trickle down to low-curvature equations [301 EE] • 

Replacing connection components by matrix elements of holonomies constitutes a reg- 
ularization3 motivated from quantum geometry via background independence; it is not in 
itself a quantum effect even if, as sometimes done in improvised versions, 5 is related to H 
or £p by further ad-hoc arguments. Indeed, in a systematic derivation of effective equations 
describing loop quantum cosmology, (jlj) is recognized simply as the pure tree-level contri- 
bution where all quantum corrections vanish [3S1 ETj ; see also [3H1 EH] for discussions of 
the regularization. Although care must always be exercised, using just the regularization 
allows one to explore the potential consequences of quantum gravity. The regularization 
is, of course, easy to implement in exactly homogeneous models, and it is far from being 
unique. The real issues to be faced arise when one tries to extend the regularization to inho- 
mogeneous situations, at least of perturbative nature, in which extremely tight constraints 



1 Some models — including cosmological ones with specific matter contents |32) . parameterized free par- 
ticle field theories [33l [34] and certain dilaton gravity models [35] — can be quantized by loop quantization 
techniques without requiring any regularization of their Hamiltonians or constraints. If such quantizations 
could be performed in general, they would be strongly preferred. Generic models, however, suggest that 
regularization, and thus a role of quantum geometry effects for the quantum space-time dynamics, cannot 
be avoided completely. 
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due to covariance arise. Consistent implementations may strongly reduce the ambiguities 
- and possibly eliminate effects seen in simple homogeneous models. Such issues related 
to inhomogeneity will be discussed in more detail in Sec. El 

An immediate implication of using holonomies is that the constraint equation is not 
differential, but a difference equation for a wave function of the universe [4TR [27] . Writing 
C\ip) = for a state \ip) = ^ expanded in triad eigenstates (with an extra 

collective label for matter fields) requires the coefficients V7i(0) to satisfy 

All coefficients of this equation can be derived, but are not fixed uniquely owing to the 
non-uniqueness of the Hamiltonian constraint operator. Nonetheless, several qualitative 
properties, insensitive to ambiguities, have been found. The left-hand side quantizes the 
gravitational contribution to the constraint and shows the discreteness, while the right- 
hand side shows what role is played by the matter Hamiltonian H^. If we view the size 
variable \i as an "internal time," evolution proceeds discretely. 

Loop quantum cosmology is non-singular [UJ: any wave function evolves uniquely 
across the classical singularity (situated at /i = 0). Quantum hyperbolicity [42] of this form 
has been realized not only in isotropic models, but also in anisotropic ones [4*31 01] and even 
in some inhomogeneous situations such as spherical symmetry [43] . Physically, one may 
explain this phenomenon by a limited storage for energy provided in a discrete space-time: 
Quantum waves must now be supported on a discrete lattice, providing a natural cut-off 
for wave-lengths. Dynamically, a repulsive force arises once energy densities become too 
large, counter-acting the classical attraction and preventing singularities. 

In simple models in which also the matter content is severely restricted by being close 
to a free, massless scalar — resulting in an exactly solvable, harmonic model as shown 
below — , numerical [46] and exact solutions [36] indeed show that the expectation value 
of the scale factor bounces, reaching a non-zero minimum value. This geometrical picture 
is, however, not available in strong quantum regimes in which several of the quantum 
variables matter: a state changes considerably as the big bang is approached or traversed, 
a dynamical behavior which can no longer be formulated just in terms of the classical 
variables of geometry (solely the scale factor in isotropic cosmology). To handle such 
situations, effective equations are useful. 

4 Effective equations 

To illustrate the derivation of effective equations in canonical quantum systems we start 
with a simple example from quantum mechanics: the harmonic oscillator. Its dynamics is 
defined by the closed, linear algebra 

[q,p] = ih , [q, H] = iti — , \p, H] = —ihmuP'q 

of basic operators and the Hamiltonian H. Any quantum system with such a closed and 
linear algebra has dynamical solutions whose wave functions may spread, but do so without 
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disturbing the mean position. Indeed, a closed set of equations results for expectation 
values of q and p via d(0)/di = ([O, H])/ih. To solve these equations, we need not know 
how fluctuations, correlations or higher moments of the state behave; there is no quantum 
back-reaction. Similarly, there is a closed set of equations just for the fluctuations and 
correlations, without coupling to moments of higher than second order. 

A similarly solvable system exists in loop quantum cosmology [361 IS] > with the con- 
ditions of an isotropic, spatially flat space and matter given by a free, massless scalar 
<p. Using the loop- quantized Hamiltonian (in a particular factor ordering and ignoring 
inverse volume corrections at this stage) again produces a closed algebra of basic vari- 
ables, provided we choose them as the volume V (or, more generally, |p| 1_:c to absorb 
any p-dependence of 6 provided it is a power-law S(p) = 8o\p\ x ) and the holonomy-related 
quantity J = V exp(i5 P) with the Hubble parameter P (or \p\ x c) conjugate to V. This 
time, using the Hamiltonian p^ oc h := ImJ with respect to evolution in as internal time, 
as it follows from the regularized Hamiltonian (J3J) with H matter = p^/2a 3 , the algebra is 
sl(2,M): 

[V, J) = -5 hJ , [V, h] = \i8 h{J + J ] ) , [J, h] = i5 hV . 

(The Hamiltonian constraint for a free, massless scalar field can be written as p 2 ^ — VC gTav = 
0, and easily be deparameterized. One is taking a square root in the process to solve for 
p,p, but this does not spoil the linearity of the dynamics of states just required to be 
semiclasical once [17]. Alternatively, direct treatments of effective constraints, avoiding 
deparameterization, are available [381 H9l 150] .) 
Equations of motion 

d(O) _ (PM) 
d<p ih 

generated with respect to <p now provide the behavior of physical observables: There is no 
absolute time in this fully constrained system; instead, change is measured by relational 
observables, such as (V) (0) between the degrees of freedom. (For a complete reduction to 
physical quantities, reality conditions must be imposed to ensure the correct adjointness 
properties for a quantization of the real P appearing in the complex J. Appropriate 
conditions turn out to be easily formulated, relating expectation values to fluctuations and 
correlations [47J.) Also here, there is no quantum back- reaction in the solvable model. 
Fluctuations do not back-react on the expectation values, which results in simple, cosh- 
like solutions for the volume; see Fig. [3j Clearly, the volume never becomes zero, and the 
singularity, of these specific models, is replaced by a bounce. While the expectation value 
follows its trajectory undisturbed, states in general do spread. In particular, squeezed 
states (with non-vanishing correlations) describe oscillating fluctuations between different 
universe phases, expansion and collapse. As it turns out, fluctuations can change by an 
order of magnitude even in dynamical coherent states — the most strongly controlled type 
of states — , and this change is very sensitive to initial values. This cosmic forgetfulness 
makes it difficult to estimate specific quantities in the pre-bounce phase for realistic models 

[EH Eg. 
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Figure 3: Bouncing solutions of the exactly solvable model of loop quantum cosmology, 
showing the expectation value of the physical observable (V)(<f>), as well as the spread 
AV^(0)of a physical wave function. The label "/i" indicates the size of the (conserved) 
0-Hamiltonian, which determines the volume at the bounce. 



Generic models are more complicated since they are subject to quantum back-reaction. 
To illustrate this, we consider a model with a cosmological constant, but ignore the quan- 
tum geometry corrections of loop quantum cosmology for the sake of simplicity. The 
Hamiltonian for 0-evolution, as treated for a negative cosmological constant in [53], then 
is oc V\/P 2 — A =: h(V, P). (The same system was analyzed numerically in [SI].) Now, 
expectation values couple to fluctuations and other moments: 

d(V> = 3 (V)(P) Q (VHP) 2 3 A C VP 

# 2 J(P\2-\ 4 ((P) 2 -V 5/2 2 ((P) 2 -A) 3 / 2 



(P) 2 - A 

m. = j_j^z- A+ i A + ... 

d<p 2V W 4 ((P) 2 -A) 3 / 2 

with the P-fluctuation AP and the covariance Cyp = ^{VP + PV) — (V)(P). Fluctuations 
are dynamical, too: 

d(AP)* _ , (P) (Am2 
(P) 2 - A 



^ = -_A , g> {APr + ... 

d0 2 ((P)2-A)3/2 V 

« = -3A , <*> C VP + 3 , {P) (A V y + 
d<P ((P) 2 -A)3/2 yW^A 
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(In all these equations, dots indicate that higher order moments have been ignored here.) 

Analyzing coupled equations like this is the canonical procedure for effective equations. 
(For anharmonic oscillators in quantum mechanics, employing a semiclassical as well as 
an adiabatic approximation, the usual low-energy effective action is reproduced [551 156] .) 
Often, higher moments can be ignored in certain regimes, starting with a semiclassical 
state whose moments of order n are suppressed by a factor of h n l 2 . But long evolution, as 
is prevalent in cosmology, can drastically change a state even if it starts out semiclassically 
to a high degree. Moments may then grow, and higher ones will become important. Severe 
quantum back-reaction effects can be expected, especially in the infamously strong quan- 
tum regime around the big bang. But also other regimes exist where large moments are 
perhaps more surprising. One example is that of the large- volume regime of models with a 
positive cosmo logical constant. As can be seen from the preceding equations, several of the 
coefficients then have denominators that can come close to zero when the curvature scale 
squared approaches the cosmological constant. For a small, perhaps realistic, cosmological 
constant, this regime is approached at large volume, where moments can grow large despite 
the classical appearance of the phase. 

The back-reaction equations of loop quantum cosmology are much more lengthy |57j . 
but can be summarized in a quantum Friedmann equation including the effects from 
holonomy corrections and quantum back-reaction [58j [59] . With a scalar mass or a self- 
interacting potential, the equation 

describes the evolution of the scale factor's expectation value. Compared to the classi- 
cal equation, pressure P enters, as well as rj which parameterizes quantum correlations. 
Moreover, 

oo 

PQ ■= P + eoPcrit + (p ~ P) e *+l(<° " P )V(P + Pf 

k=0 

is an expression for a quantum corrected energy density with fluctuation parameters e^, 
and p crit = 3/SnG(a5) 2 is a critical density with scale a5 as determined by the 6 used in 
the regularization (J4j) by holonomies. The critical density is constant only if 5 oc a -1 (a 
special case introduced in [60J ) . The behavior following from this equation is simple if 
p = p (the free, massless scalar case) or if p + p is large (large p^, or kinetic domination). 
Then, solutions with d = exist near p = p crit , producing a bounce. 

For regimes not of kinetic domination, the behavior of many moments, contained in 7] 
and pq, must be known for a precise picture, requiring a long analysis still to be completed. 
Only such an analysis can show what effective geometrical picture corresponds to the 
general singularity avoidence by the difference equation of loop quantum cosmology. In 
particular, it has not been shown that loop quantum cosmology generically replaces the 
big bang singularity by a bounce. 

Currently, all existing indications for bounces — numerical as in [pTl W2\ or analytic as 
in [59] — exist only for kinetic-dominated regimes of a scalar matter source. The situation 
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is slightly more general for demonstrating an upper bound of energy density, but such 
a statement is weaker than showing the existence of bouncing solutions. (Bounces can 
easily be produced quite generally even in potential-dominated regimes using the tree-level 
approximation of loop quantum cosmology. However, the tree-level approximation itself 
does not appear reliable in potential-dominated regimes.) 

5 Lattice refinement 

Loop quantum cosmology aims to model the dynamical behavior of loop quantum gravity 
in a tractable manner. Since no procedure is known for a complete reduction of the Hamil- 
tonian constraint to isotropy or homogeneity, several choices are to be made in specifying 
the Hamiltonian constraint of loop quantum cosmology, giving rise to the difference equa- 
tion OS]). One such freedom concerns the parameter S in (j4]), which may be a phase-space 
function as alluded to above. 

This function carries important information about the reduction [22] E3] . It appears as 
a coefficient of the connection component in holonomies as used for the dynamics. If we 
look at the schematic full constraint of fl3]), it is clear that holonomies in that operator refer 
to edges in one of the graph states, as it evolves according to the dynamics of loop quantum 
gravity. Reducing such a holonomy to isotropic variables leads to an expression of the form 
exp(i<5c), exactly as used in the reduced constraint. In the reduced model, 6 appears as 
a parameter which can only be chosen by hand to have a specific value; no argument has 
been found to fix it. In the full context, on the other hand, 5 is clearly related to the 
coordinate length of the edge used, and thus refers to the underlying inhomogeneous state. 
(Although 5 is coordinate dependent, the combination 5c = 7#a appearing in holonomies 
is not.) In the reduction to homogeneity, that information in the state is lost; one can only 
bring it back by making certain phenomenological choices for 5. 

The underlying inhomogeneous state is dynamical: new edges may be created or old 
ones removed. Edge lengths change, and so does S. One way to model this in an isotropic 
description is to allow 5 to depend on the scale factor a, implying that the underlying 
inhomogeneous state changes as the universe expands or contracts. By analyzing the 
resulting models, phenomenological restrictions for the behavior of 5 can be found [63] 165] 
[66] . What is so far indicated is that a power-law form of 5 = 5q\p\ x works best for x near 
-1/2. 

Lattice refinement has been formulated in a parameterized way for anisotropic models, 
also at the level of underlying difference equations. Compared to isotropic models, the 
difference equations then generically become non-equidistant, complicating an analysis. A 
complete formulation of the dynamics (avoiding ad- hoc assumptions), especially for the 
Schwarzschild interior but also providing Misner-type variables for Bianchi models, has 
been provided in [67]. Numerical tools to evaluate non-equidistant difference equations 
have been introduced in [BHl EH]- 
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6 Cosmology 



With matter interactions and inhomogeneities, a complicated form of back-reaction results 
that can be handled only by a systematic perturbation theory around the solvable model. 
The solvable model of loop quantum cosmology then plays the same role as free quantum 
field theories do for the Feynman expansion. An analysis of this form can show possible 
indirect effects of the atomic space-time where individual corrections which are small even 
at high energies might add up coherently. If this magnification effect is strong enough, one 
might come close to observability. Two prime examples exist: cosmology, which is a high 
energy density regime with long evolution times for corrections to add up; and high energy 
particles from distant sources. 

But before one analyzes complete equations — those containing all possible quantum 
corrections for possible physical consequences — there is an interesting geometrical set of 
problems related to general covariance. Compared to homogeneous models, where modifi- 
cations such as those in (Tj0) can consistently be implemented at will, general covariance in 
inhomogeneous situations is a strong consistency requirement. For instance, the contracted 
Bianchi identity V ' ^ = implies <9 G° = -d a G a ^ - T^G* + T« V G V K . The right-hand side 
is at most of second order in time derivatives, and so G?. must be of first order. The cor- 
responding components of Einstein's equation provide constraints for initial values rather 
than evolution equations: 

J d 3 xN(x) s/detq{G° - 8nGT°) = (7) 

(with the spatial metric tensor q ab used in the integration measure) and 

J d 3 xN a (x) y/deuj(G° a - 8nGT°) = (8) 

where q ab is again the spatial metric. The constraints must be preserved under the second 
order equations that follow from the spatial components G^. 

This kind of conservation law leads to symmetries: We have a scalar constraint C[iV], 
the Hamiltonian constraint, and a vectorial one, the diffeomorphism constraint D[N a ], 
satisfying a closed algebra 

{D[N a ),D[M a }} = D{£ M aN a ] 
{C[N],D[M a }} = C[C Ma N] 
{C[N],C[M}} = D[q ab (Nd b M - Md b N)} 

as the generators of gauge transformations. Importantly, this algebra is first class: Poisson 
brackets of the constraints vanish when the constraints are imposed. On the solution space, 
constraints are invariant under the flow they generate, and thus provide gauge-invariant 
equations. In the case of gravity, the combination C[N] + D[N a ] generates infinitesimal 
space-time diffeomorphism along £ M = (N,N a ), as can be checked by a direct calculation 
and comparison with Lie derivatives. General covariance can be expressed fully in terms 
of this algebra, as emphasized by Dirac [70] : 
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"It would be permissible to look upon the Hamiltonian form as the fundamental 
one, and there would then be no fundamental four- dimensional symmetry in 
the theory. 

The usual requirement of four-dimensional symmetry in physical laws would 
then get replaced by the requirement that the functions have weakly vanishing 
[Poisson brackets]." 

Such a viewpoint is convenient especially in canonical quantum gravity. It is not guar- 
anteed that quantization preserves the usual space-time or differential-geometric notions, 
and that it leads to the same relationship between symmetries and Lie derivatives. In con- 
trast to differential geometry, an algebra of constraints, which will become a commutator 
algebra of the corresponding operators, can directly be carried over to the quantum theory. 
In this way, the realization of symmetries, and correspondingly of space-time structures, 
can be tested at the quantum level. Quantum corrections usually change the constraints 
as gauge generators and may thus lead to changes in the space-time structures. Also the 
algebra of constraints may be corrected, but for a consistent formulation, corrections must 
respect the first-class nature of the algebra. If the first-class nature is respected, symmetries 
may be deformed but are not lost; the quantum system is then called anomaly-free. 

"Effective" constraints, including some of the corrections from quantum geometry (in 
this case inverse volume corrections), can be made anomaly-free [71] : 



where a is the correction function from inverse volume operators. This algebra is indeed 
first class, but deformed. To interpret the corrections, we first note that in an effective 
action they cannot be purely of higher curvature type, for such corrections would still 
produce the classical algebra [72] . We are thus dealing with a more general type of effective 
action (such as one on a non- commutative space-time). Similar deformations have been 
constructed for holonomy corrections, although not for the complete case of cosmological 
perturbations. The first example was found for spherically symmetric models |73j (see also 
[7U [75]), with a similar form produced for 2 + 1-dimensional gravity [76]. (Although the 
deformations in those two cases are quite similar, there is a difference in that the 2 + 1- 
example requires a non-vanishing cosmological constant for the deformation to appear. 
This circumstance may just be a consequence of the special form of 2+ 1-dimensional gravity 
in the formulation used, where the theory without a cosmological constant has vanishing 
on-shell curvature and is topological.) Constructing consistent deformations corresponding 
to quantum geometry corrections is the non-trivial part of an analysis making simple 
modifications such as (JH) relevant. 

Practically, one consequence of the deformation is that the potential size of quantum 
corrections is larger than often expected, that is larger than £pH as higher curvature 



{D[N a ], D[M a }} 
{C (a) [N],D[M a }} 
{C {a) [N),C {a) [M}} 



D[C M «N a ] 

D[a 2 q ab (Nd b M - Md b N)] 
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terms would produce it in cosmological situations. The main physical mechanism is non- 
conservation of power on large scales, modifying an approximate conservation which classi- 
cally follows very generally from the conservation of stress-energy, or the Bianchi identity; 
see e.g. [TTJ [7HJ [79] . The Bianchi identity, however, takes a different form for the corrected 
constraint algebra, and so quantum corrections affect large-scale modes, removing the con- 
stant one [801 E] . Local corrections for the slope of increase or decrease of super-Hubble 
power, for scalar and tensor modes, are small, but realized during long evolution times. 
They may add up to sizeable effects. 

Explicitly, the resulting cosmological perturbation equations (for all scales on a back- 
ground Friedmann-Robertson- Walker space-time with conformal Hubble rate % and the 
background scalar (p) are [81] 



d c (i> + H{1 + /)$) = 4irG~0d c 6<p (9) 
from the diffeomorphism constraint, 

A(a 2 ^)-3H(1+/) + m{\ + /)) = 4ttG?(1+/ 3 ) (W - vO- + + va 2 V llf> {(p)5(pj 

(10) 

from the Hamiltonian constraint, and 



2a da J J \ \ 2 da 2a da J 

47rG| (05(p - a 2 vV yip {Cp)8<p) (11) 



as the evolution equation. These equations are accompanied by $ = (1 + h)^f, which 
follows from off-diagonal components of the corrected Einstein equation, and a corrected 
Klein-Gordon equation for Sip. In addition to the gauge-invariant metric perturbations $ 
and \I/ and the scalar perturbation 5(f as well as the primary correction function a from 
inverse volume (and v for the matter term), several other corrections, /, /i, ^3, h arise, 
but are related to the primary correction. 

The consistency issue now becomes a very practical problem: There are five equations 
for three free functions, <3>, ^ and 5ip. Classically the system is consistent and not overde- 
termined thanks to general covariance. But will this closure of the equations be preserved 
in the presence of quantum corrections from discrete geometry? As indicated by the pos- 
sibility of a first-class (but deformed) algebra of constraints, consistency can be realized. 
There are no anomalies (checked to linear order in perturbations in [71]) if the quantum 
correction functions satisfy equations such as 

7 , a da Of a da 

-h- f + -— = , 3/-2a— --— = 
a oa oa a oa 

IdaSE' &>< 2 > ,„„ „„, 
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The last of these equation relates higher perturbative orders of a to the background value 
at achieved for isotropic geometries. If these equations are satisfied, which is possible even 
in non-classical cases of a 7^ 1, the whole set of cosmological perturbation equations is 
consistent. Moreover, all coefficients for quantum corrections are fixed in terms of a, and 
this function can be derived in isotropic models (up to ambiguities). Inverse volume cor- 
rections, resulting from discrete features of spatial quantum geometry, provide a consistent 
deformation: The underlying discreteness (for this type of corrections) does not destroy 
general covariance. 

General covariance is a statement about the quantum constraint algebra, and thus can 
be ensured only by considering perturbation theory without fixing the space-time gauge. 
After consistent equations have been derived, one may certainly pick a gauge (such as 
the longitudinal one) if that simplifies calculations. But fixing the gauge before deriving 
perturbation equations and observables does not verify covariance and can easily lead to 
spurious effects. Explicit examples can be seen by comparing |82j with [51], the first 
one with gauge- fixing, the second one without. As turns out, the relationship between 
the metric perturbations $ and ^ is affected by the treatment, as is the precise form of 
non-conserved power on large scales. Only without gauge-fixing is it possible to ensure 
consistency; only those results are reliable. When computing the effects of an underlying 
discrete space-time structure on inflationary structure formation, or on the propagation 
of modes through a potential bounce, that kind of consistency is especially important. 
For evolution through a bounce, no consistent form for scalar modes has been found yet; 
existing treatments all use gauge-fixing [83j EH EH] . 

One of the implications for cosmological scenarios is that quantum geometry corrections 
(inverse volume or holonomy) often imply super-inflation at high densities [86]. There may 
not be many e- foldings in terms of log(af/a ; ), referring only to the final and initial values 
of the scale factor (see Fig. @J, but log ((aH)f/(aH)i) can be large due to the growth of "H 
during super-inflation [87]. Viable scenarios thus exist, but the degree of fine-tuning has 
not yet been fully estimated. Regarding details, several analyses have been performed de- 
pending on the scalar potential and quantization ambiguities. Unfortunately, perturbation 
results are currently on a rather weak basis in strong quantum (or high density) regimes 
since anomaly-free effective equations are difficult to control. For instance, no consistent 
evolution of scalar modes through the bounce yet exists. Nevertheless, in weaker regimes 
some parameters, such as the power-law of a scalar potential, can already be constrained 



(in [88], using WMAP5 data). At the current stage, primordial gravitational waves [89 




are under better analytical control since they are not subject to gauge transformation or 
overdeterminedness. Some implications for the tensor power spectrum have been evaluated 



Consistent deformations exist in model systems of canonical quantum gravity: discrete- 
ness can be realized without spoiling covariance. These results of anomaly freedom show 





in [901 ED E21 M HQ EH1 [66]. 



7 Outlook 
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Figure 4: A bouncing scale factor, with super- inflation between the dotted lines (and the 
singular classical solution as the dashed line). In this phase, the scale factor varies only 
by a few percent, but aH changes more. The effective solution corresponds to the solvable 
model as plotted in Fig. [3j transformed to proper time. Similar solutions have been found 
in [96] directly in proper time. 

that discrete structures are able to preserve covariance; when realized, they make simple 
modifications as they are possible in homogeneous models highly non-trivial. So far, this 
demonstration has been achieved only in relatively tame regimes, but not yet close to the 
classical big bang singularity, or even through bounce phases. 

Examples have been constructed for cosmological perturbations and for black holes. 
This is mainly based on canonical effective equations, whose tools, analytical as well as 
numerical ones, are currently being developed. In some cases, these equations already 
provide a link to cosmological, astrophysical and particle observations. One general result 
seems to be that the quantum space-time structure is certainly important in high-energy 
regimes, but, thanks to magnification effects, not necessarily just at the Planck scale. This 
allows one to set bounds on parameters of quantum space-time, an extensive investigation 
that is still ongoing. 
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